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Explicit Runge--Kutta-like Schemes 
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We propose a kind of explicit sympletic Runge-Kutta-like scheme to solve 
operator equations of motion in quantum mechanics and in a quantum scalar 
field theory. 
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Interest is rapidly growing in numerical quantum field theory. Bender and 
Sharp (1'2) proposed a finite-difference approach to solving the operator 
equation of motion in quantum mechanics and in (lattice-regulated) quan- 
tum field theory. They show that, for a certain class of systems, their dif- 
ference scheme, which is based on the finite-elements method of numerical 
approximation, exactly conserves the canonical equal-time commutation 
relations (ETCRs). However, the Bender-Sharp scheme is implicit and 
computational difficulties arise. Moncrief (3) and V~_zquez (4) proposed some 
explicit schemes which are unitary and preserving the ETCRs. 

The ETCRs are very important properties of the equation. 
Bender e t  al. ~8~ applied the method to determine the spectrum for the 

underlying continuum theory. Applying an explicit scheme to the quantum 
field theory ~b,-~bxx+ (m3/x/~)sin[(x/-2/m ) ~b] = 0  on a Minkowski lat- 
tice, VAzquez (9) obtained some estimates on the particle spectrum. 
Rogriguez and V~zquez (1~ used the method to estimate the spectrum for 
the ge.neralized quantum H6non-Heiles system. 

But all the schemes proposed are not of high order, and it would be 
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of interest to find schemes that (1) are explicit, even for highly nonlinear 
systems, (2) preserve the ETCRs, even unitary, and (3) are of high order. 

The purpose of this paper is to propose a kind of Runge-Kutta-like 
scheme which is explicit, of high order of accuracy, unitary, and preserves 
the ETCRs. Moreover, all the symplectic schemes in refs. 5-7 preserve the 
ETCRs. 

Let us consider a one-dimensional quantum system 

H -  �89 V(q) (1) 

The Heisenberg equations of motion are 

dq( t ) dp( t ) 
= p(t), = f (q ( t ) )  (2) 

dt dt 

where f ( q ) =  - d V / d q ,  and the operators p(t) and q(t) must satisfy the 
commutation relation 

[q(t), p( t ) ]  = i (3) 

To solve this problem in the interval [0, T] ,  we divide it into N intervals 
of length ~ and define qn and pn as the operators q and p at time t = nT. 

Applying schemes which we obtained in ref. 7 to Eq. (2), we have the 
following Runge-Kutta-like schemes for Eq. (2). 

One-stage method of order 1: 

pk+l  = p k + z c l f ( q k ) ,  q ~ + l = q k + z d l p k + 1  (sl) 

where cl =d l -=  1, , = A t .  
Two-stage method of order 2: 

Pl = P~ + ZClf(qk), ql = qk + ,~d 1 Pl 
(s2) 

p k + l = p 1 + ~ c 2 f ( q l )  , q ~ + l = q l + r d 2 p  k+~ 

where Cl = 0, e 2 = 1, dl = d 2  = �89 or dl = 1, d2 = 0, cl = c2 = �89 
Three-stage method (11) of order 3: 

Pl = pk + rcl f(qk) ,  ql = qk + Vdl p~ 

p z=  pl + zc2f(ql) ,  qz=qx + zd2p2 (s3) 

pk+l =p2+zc3 f (q z ) ,  q~+l =q2+zd3pk+l  
where 

7 3 1 
C1 ~ 2"4~ C2 ~ 4~ C3 ~ 24 

dl 3, d2 = 2 = - 3 ,  d3 = 1 
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o r  
2 

C 1 = l ,  C 2 ~  - - 3 '  C3 = 

d l  __ 1 d2 = �88 d3 = 2~ 24, 

Four-stage method of fourth order of accuracy: 

Pl = pk  + rC l f (qk ) ,  

P2 = P l  + "cc2 f (q l ) ,  

P3 = P2 + zc3 f (q2) ,  

pk  + 1 = P3 -[- rca f (q3) ,  

ql = qk + .Cdlp ~ 

q2 = ql + rd2P2 

q3 = q2 + "cd3P3 

qk + 1 = q3 + rd4p k+ 1 

C l = O  , C2 = C4 = �89 + 0r C 3 =  -�89 + 2cr 

d l = d 4 = ~ ( 2 + o r  ), d 2 = d 3 = ~ ( 1 - 0 r  

where e = 21/3 + (1/2) 1/3, or 

Cl = 1(2 "t- ~), C2 = C3 ~- 1 ( 1 - -  0~), 

a,  = 1(2 + ~), d2 = - ~(~ + e~) ,  

C 4 = ~(2 + or 

d3 = �89 3 4 ~ O. 

We note that scheme (s l )  is a scheme which Vfizquez (4) proposed. 

ETCR and  un i tar i tu  First, let us consider the formal scheme 

Pl = Po + rcf(qo), ql -- qo + rdpl 

where c and d are arbitrary constants, then 

[ql ,  Pl ]  = [qo, P l ]  = [qo, Po] 
On the other hand, 

ql = U+qo U, Pl = U+po U 

where U is the unitary operator: 

 po) 
This result follows from the results 

I ' d ' c 2 "  ~ ( d r )  
exp ~.~_d po ) qo ex p _ -~ p2 = qo + drpo 

e x P [ h V ( q o ) l p o e x p f  - h V ( q o ) ] = p o + c r f ( q o )  

(s4) 

(4) 

(5)  
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Now, we consider scheme (s4). The following relation can be easily 

(6) 

H ol 
J 

o2 H j  

q0o 2 
J 

03 Hj 

. o 3  

H j+  1 

where ~0] and H i 

= H~' + ~cj h2 

= qO7 + ~d I H O1 

[ o l  O, Ol ] 
(/)j+l - 2 ~ j  + ~r +f(q)o,)  = H ol + "CO 2 h 2 

= q,  ol  + ~d21 io~  

I --  -'~ I~f--1 _[_ f(q~o2)] 
_ f/o , o2 
- -  j -t- "cc 3 h 2  

= ~02 + rd3/i03 
[03 03 03 ] 

---- Hj03 ~_ 27c4 qbj+l--2~ib,/h 2 +qbj-l+f(q)03) 
- -  03  n +  1 
_ q0j + v d  4 Hj  

are the field operators at the point ( t = n r ,  x = j h ) .  

(11) 

found: 
[qn+l, pn+l]  = [q3, P3] = [q2, P2] = [q~ ,P l ]  = [qn, pn] 

Our problem is to iterate the scheme with the initial condition 

{q0, Po} such that [-qo, Po] = i  

From (6), we obtain 

[q", p"] = i (7) 

Thus, our schemes are explicit and unitary, and preserve the equal-time 
commutation relations (ETCRs). On the other hand, no condition has to 
be imposed on the function f 

Finally, we can approximate q(t) and p(t )  in the interval 
[nz, ( n +  1) r]  as follows: 

q(t) = (n + 1 - t/r) q" + ( t/~ - n) qn+ , (8) 

p ( t ) = ( n  + 1 -  t/~) p" + ( t / z - n )  p "+1 (9) 

Now we apply scheme (s4) to a nonlinear quantum scalar field theory 
in two-dimensional Minkowski space: 

~bt=H,  H , - ~ x x - - f ( ~ ) = O  (10) 

In order to solve our field operator equations in a certain spacetime region, 
we discretize (10) by use a mesh of size At = z and J x  = h as follows: 
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The equal-time commutation relations become 

i 
,, " H " I  =0,  [05s , / /~]  = ~jk [05j, 057~] = 0, [ / ~ j ,  k, (~2) 

Since our scheme is symplectic, thus 

/l E057 +l'~kf/In+l] = E05i' 05~c] = O  
/]-(, + 1, . + l ] =  n g n 

J H k [ H j ,  k] = 0  

i 
[- 05j' + 1, U~ +l  -] = 1- 05j, g ~c ] = h (~jk 

Note that our scheme can be regarded as a combination of scheme (sl). It 
preserves the ECTRs. 

Finally, we define the 
mined by the lattice points 
follows: 

05(t, x )=  

field in the rectangular finite elements deter- 
(n,j) ,  ( n , j + l ) ,  ( n + l , j ) ,  and ( n + l , j + l )  as 

(n + 1 I t / ~ ) ( j  + 1 - x / h )  05] 

o~n+l + (t/r -- n)(x /h  - j )  - j +  i 

+ (x/h - j ) ( n  + 1 - t/z) 057+1 

+ ( t / v . -  n ) ( j  + 1 - x /h)  057 +1 

The field H is represented in a similar way, and the continuity of the fields 
across the adjacent patches is conserved. 

Furthermore, one can obtain other schemes by the symplectic Runge- 
Kutta-like method. 
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